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ABSTRACT

Stochastic model updating allows manufacturing varigbdind modelling uncertainty to be
considered, so a set of analytical models with randomiseahpeters can be updated to match
upon a set of experimental data of nominally identical testgs. In this paper, stochastic model
updating in the presence of variability in two sets of verfyallent structures are investigated.
The first set consists of nominally identical (simple) flatpk, while the second set comprises
of (more complicated) formed structures. A series of expental work is conducted on these
structures and a perturbation method is employed to uptiagie EE models to match their
experimental counterparts. A Monte-Carlo propagation otk used to generate scatter plots
of analytical cloud, before and after updating is performBtke main objective of this paper is to
observe how updating can be adequately performed on thegts@tvery different structures.
Stochastic model updating is conducted with different cimaions of parameters, and it is
found that geometrical features (such as thickness) alameat converge the predicted outputs
to the measured counterparts, hence material propertesn@tance, Young’s modulus and
shear modulus) must be included in the updating process.

1. INTRODUCTION

Uncertainties can be classified ingieatory and epistemic uncertainty, based on whether the
source of uncertainties is reducible or nbt%]. Aleatory uncertainty is derived as an irreducible
uncertainty that arises from heterogeneity or diversitya ipopulation (for example, intrinsic

randomness in a set of structures) and frequently cannaedeced through further study or
measurement. This type of uncertainty is also referred toreducible, inherent, stochastic
uncertainty or variability (which is used in this paper).ig&pmic uncertainty, on the other hand,
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represents lack of knowledge, hence can be reduced thratplef study or measurement. This
type of uncertainty is referred to as reducible, subjeativeognitive uncertainty. Until now,
there is no clear division between both types of unceresntiFor example, variability can
also be a subject to lack of knowledge when information witité range is missing, which
consequently becomes an epistemic uncertainty.

Demand for improved computational methods that incorgotatcertainties in numerical
computation is growing. When uncertainties are taken intmact, a deterministic problem
then changes to a non-deterministic (or stochastic) pnoblen non-deterministic problems,
response of a structure cannot be precisely predicted. efdret the ability to numerically
predict the behaviour of a structure with uncertaintiesasywseful and of great scientific
value. Refs. 3-7] are amongst many published papers covering the stochmetiel updating
approach.

This paper studies how parameter selections can be suffyjcneade for stochastic problems.
Two sets of very different nominally identical structuree &bricated and individually tested,
as described in Sectich A stochastic model updating approach (i.e., the pertushatethod
presented in Ref.§]) is used to estimate the parameter variability in the expental modal
data and the Monte Carlo method is employed to propagate thieesoof variability through a
deterministic FE model. The formulation of the perturbatinethod is presented in Sectidn
Key results and contributions of the work is discussed irtiSed.

2. PLATESAND HATS: DESCRIPTIONSAND EXPERIMENTAL PROCEDURES

A set of simple rectangular plates (Fifj(a)) and a set of complicated hat-shaped shells (Fig.
1(b)) are used in the study. Each of the plates and hats is 564 ngralmh 110 mm wide, and
nominal values as tabulated in Talilare used for the material properties.

(a) Plate (b) Hat

Figure 1. Plate and hat structures

Properties Values
Mass densitfp) 7860 kgm>
Young’s modulusif) 210 GPa

Shear modulus®) 83 GPa

Table 1. Nominal material properties used for both setsrataires

Impact hammer modal testing,[9] with free-free boundary conditions was conducted, and
the experimental setups for both sets of structures arersimowig. 3. The plates were tested
using one hammer point and two measurement points as depnctég. 3(a), while the hats
were tested using one hammer point and five measuremensgastllustrated in Fig3(b)).
The locations of the hammer and measurement points wereghvash care so that they are
not near any nodal points. The responses were measuredrgy aidi2-channel LMS system
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and extracted using an LMS PolyMAX curve-fitting procedurie first five measured natural

frequencies of the plates and the hats, together with thean®s and standard deviations, are
given in Table and3, respectively.

(a) FE model of the plates (b) FE model of the hats

Figure 2. FE models of the plate and hat structures
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Figure 3. Experimental setups for both sets of structures

The measured outputs variances for the first five naturaligeges of the plates are

Omplates= [0.01 006 032 018 095" (1)
while, the measured outputs variances for the first five ahftequencies of the hats are

Omias=[0.25 328 445 123 288" (2)
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Frequencies (Hz)

Sample| 1 2 3 4 5

1 24.21 67.15 78.03 132.27 159.41
2 24.12 66.93 77.98 132.11 159.34
3 24.40 67.53 78.91 133.03 160.94
4 24.12 66.88 77.80 131.88 158.94
5 24.21 67.09 77.94 132.22 159.21
6

7

8

9

2432 67.44 78.57 132.78 160.51
24.11 66.81 77.97 131.68 159.39
24.11 66.88 77.74 131.81 158.85
24.20 67.15 78.24 132.27 159.88
10 2420 67.08 77.86 132.23 159.25
11 2421 67.16 77.80 132.36 159.29
12 2424 67.16 7791 132.36 159.56
13 24.06 66.76 77.07 131.77 157.83
14 24.07 66.86 77.07 132.00 158.06
15 24.09 66.88 77.56 131.90 158.69
16 24.04 66.81 77.27 131.86 158.37
17 24.01 66.69 77.39 131.65 158.46
18 23.96 66.60 76.24 131.43 156.49
19 24.17 67.00 77.65 132.13 158.65
20 24.23 67.17 78.20 132.46 159.78
21 24.24 67.20 78.09 13249 159.64
22 24.26 67.23 77.78 13257 159.10
23 23.98 66.63 77.23 131.51 158.24
24 23.96 66.62 77.16 131.47 158.26
25 24.07 66.65 77.99 131.37 158.98
26 24.22 6697 78.30 132.05 159.48
27 24.11 66.86 77.72 131.91 158.68
28 24.02 66.73 77.17 131.73 157.95
29 2401 66.71 77.57 131.68 158.95
30 23.94 66.50 76.95 131.31 157.45
31 24.09 66.85 76.28 131.83 156.31
32 24.00 66.72 77.39 131.64 158.46
33 24.03 66.61 77.51 131.39 158.06
Mean | 24.12 66.92 77.65 131.97 158.80
Std. | 0.11 0.25 0.57 042 0.97

Table 2. Measurement data for the plates

3. PERTURBATION METHOD FOR STOCHASTIC MODEL UPDATING

Conventional, deterministic model updating methods aredbas the simple first-order Taylor
series expansion and the general form of this expandiding

0j11=0;+T;(zm—2) (3)

whered € R™ is the vector of structural parameters, € R™! is the vector of measured data
andz; € R™ is the vector of predicted outputd.j is a transformation matrix, which can be
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Frequencies (Hz)

Sample| 1 2 3 4 5

1 69.96 271.99 286.05 333.40 393.68
2 70.43 273.79 289.01 333.93 394.85
3 70.39 273.20 287.46 334.12 393.73
4 70.49 275.59 289.46 334.44 397.46
5 70.69 270.25 287.83 335.23 399.11
6

7

8

9

69.02 270.34 284.12 333.04 392.57
69.99 273.84 288.29 333.21 394.71
70.21 270.27 284.62 333.39 393.76
70.37 274.14 286.82 334.01 395.29
10 68.97 273.78 284.47 332.40 393.46
11 69.89 272.70 285.23 332.25 393.74
12 69.41 277.18 290.48 333.83 392.97
13 70.59 27416 287.36 334.53 397.40
14 70.21 275.16 288.40 334.92 395.95
15 70.37 275.22 289.39 334.71 396.41
16 70.62 275.67 289.83 334.92 396.72
17 69.49 27554 288.52 335.95 394.73
18 70.65 272.88 289.26 336.59 396.71
19 70.24 273.09 285.96 335.13 397.19
20 70.53 277.06 292.79 336.09 396.92
21 70.49 27445 288.59 335.54 398.29
22 70.26 271.75 285.52 335.24 396.26
23 69.34 273.18 286.74 335.21 395.50
24 70.48 273.10 290.39 336.28 394.07
25 69.31 274.18 287.35 334.76 392.89
26 69.92 273.44 288.19 334.40 395.93
27 70.39 27412 289.78 334.85 397.40
28 70.59 274.69 287.01 335.33 395.99
29 70.30 275.86 292.10 336.10 396.52
30 70.14 27444 289.09 335.26 394.36
31 69.30 272.35 286.29 335.43 393.86
32 70.11 270.31 285.63 336.24 394.18
33 70.64 27452 289.25 335.45 396.73
Mean | 70.11 273.70 287.92 334.73 395.43
Std. 050 1.81 2.11 1.11 1.70

Table 3. Measurement data for the hats

written as

Tj = (S]WeeSj +Wag) *S]Wog (4)

with W¢ is a positive definite weighting matrix of the measuremegg is a positive definite
weighting matrix of the parameters aBglis a sensitivity matrix aj" iteration defined by Eq.
5[11].

SjZ—ZU %—}\J% (5)

6)\j T [OK oM
20 j uj
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Incorporating variability into Eq3 gives

§j+1+Aej+1 = éj + 08 + ('lTJ +ATj) (Zm + Az — Zj _Azi) (6)

wheree denotes the mean values akelrepresents the vectors of random variables. The trans-
formation matrix is now represented by

Tj=T;+AT; @)
where
n aT
ATj= 3 Az, 8)
kgl 0Zm,
Separating the zeroth-order and first-order terms fromaiggives,
A°; §j+1 = éj +-Fj (Zm — Zj) (9)
A Ay i1 = A6 + AT (Azm — Az)) (10)

Egs.9 and10are used to determine the parameter means and the param&tgance matrix,
respectively, in the perturbation methd).[ The parameter covariance matrix equation can be
written as,

=T = =T = — =T
Cep;,, = Coo; —Coz; T +TjCeeT; —TjCzo; + TjCzzT; (11)

with Cgg is the parameters covariance matiGge is the covariance matrix of the measured
outputs,Czz is the covariance matrix of the predicted outp@s;z is the covariance matrix of
the parameters and the predicted outputs Grdhe covariance matrix of the predicted outputs
and the parameters, which are computed using mean-censearfler perturbation method. A
significant advantage of the perturbation meth@dLP] used in this paper over another similar
perturbation method by Hua et alf][is that only the first-order sensitivity matrix is needed in
Eq. 11, hence a big reduction in terms of computational effort isiexed.

4. RESULTSAND DISCUSSION

The stochastic model updating of the plates is discussedirithis paper, followed by the
updating of the hats. Problems in selecting appropriatarpaters for the stochastic analysis
are highlighted and discussed.

4.1 Stochastic model updating of plates

Using thicknesses as parameters

Table2 shows the measured natural frequencies of the plates amdtéedard deviations.
For this exercise, the stochastic model updating is peddriny using only the geometrical
features of the structures, i.e., the thickness of the plaitehe FE model of the plates are
divided into three regions, with initial value of 1.45 mm avatiance of 2< 10~4 mn? for
each thickness. Upon convergence, the parameters vecttineincorresponding variances are
given by

B = [1.4528 14493 145287, 0% =10"%129 0535 129"
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with the mean predicted outputs tabulated in Takded the predicted outputs variances for the
first five natural frequencies of

Op, = [0.01 006 013 024 028

Experiment Initial FE Error Updated FE Error

Mode (Hz) (Hz) (%) (Hz) (%)
1 24.12 24.27 0.64 24.27 0.61
2 66.92 67.24 0.48 67.32 0.60
3 77.65 75.31 3.01 75.29 3.03
4 131.97 13251 041 132.68 0.53
5 158.80 15431 2.83 154.57 2.66

Table 4: Mean measured, initial and updated natural fregjasrof plates using thicknesses as
parameters

The error of the predicted outputs variances over the medswutputs variances is depicted
in Fig. 7(a), while Fig. 4 shows the scatter plots of the measured and predicted suiptdre
and after the stochastic model updating process. Althdugimiean outputs tabulated in Talle
indicates good agreement with the experimental data, éteesplots illustrate that the updating
procedure fails to converge the predicted outputs to thesared data.

80 80
S
78 78] ¥4
m o - L
3 76 8 76 ' ﬁ
8 8
> S ,
724 e measured data 724 e measured data
]+ initial model outputs | * updated model outputs
20 70 20 70
25 65 25 65
0, (rad/sec) 30 60 w, (rad/sec) W (rad/sec) 30 60 w, (rad/sec)

(a) Initial scatter plot of plates using three thickness(ba-Updated scatter plot of plates for using three thick-
rameters ness parameters

Figure 4. Initial and updated scatter plots of plates udimge thickness parameters
Using material properties as parameters
If the stochastic model updating is performed using the natproperties (i.e., Young’s
modulus and shear modulus) as the updating parametersthtbarsults are expected to be
different. With initial parameters estimates and varianaie

Bec = [210 GPa 81 GRA, o02;=[45GPa 05GPa'
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the predicted parameters and their variances are given as

Bec = [2096 GPa 83 GP4A', oZ;=[26GPa 15GPa’
with the mean predicted natural frequencies as tabulat&édbfe5 and outputs variances of

o2_ =[0.01 006 028 022 109"

MeG
Experiment Initial FE Error Updated FE Error
Mode (Hz) (Hz) (%) (Hz) (%)

1 24.12 24.27 0.64 24.23 0.47
2 66.92 67.24 0.48 67.04 0.18
3 77.65 75.31 3.01 76.67 1.25
4 131.97 13251 041 131.93 0.03
5 158.80 15431 2.83 156.86 1.22

Table 5: Mean measured, initial and updated natural fregjasrof plates using material prop-
erties as parameters

Large error in the outputs variances of the previous exel@is., using the thicknesses as pa-
rameters) is reduced significantly for the three higher mpddnen the material properties are
used as the updating parameters. This is shown in/#&). Figure5 shows the convergence of

the predicted outputs over the measured outputs. Using #terial properties as the updating
parameters consequently converges the outputs and stutlygs®duces reasonable parameter
estimates.

80 ' 80
L]
78 78
B o
3 76 3 761
8 g
‘3’m 74 *3;,, 744
72 ¢ measured data 72 e measured data
* initial model outputs v + updated model outputs
70 704 :
25 65 25 65
, (rad/sec) 30 60 w, (rad/sec) w, (rad/sec) 30 60 w,(rad/sec)

(a) Initial scatter plot of plates using the material pr@m Updated scatter plot of plates using the material
erties parameters properties parameters

Figure 5. Initial and updated scatter plots of plates udiegnaterial properties parameters

4.2 Stochastic model updating of hats

The findings obtained from the simple plates updating atedeshen updating more compli-
cated structures, i.e., the hats. The hats are updateg bgstising only the thicknesses as the
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parameters and secondly by using a combination of thickare$she material properties as the
updating parameters.

Using thicknesses as parameters

The hats are divided into four regions and all of the thickesshave the same initial values
of 1.45 mm and variances 0f210~% mm?. The predicted mean parameters and their variances
are computed as

B4 = [1.3989 14752 13205 155897, 0% =10°32.26 232 274 033"

The mean natural frequencies of the hats using the updateagnpters are closer to the
measured values than the initial outputs, as can be seenTabhe 6. The variances of the
predicted outputs are

of, =[023 337 262 115 234

and the difference between the predicted outputs variameshe measured outputs variances
are illustrated in Fig.7(b). The convergence of the initial and updated scatter plaskhown
in Fig. 6.

Experiment Initial FE Error Updated FE Error
Mode (H2) (H2) (%) (Hz) (%)

1 70.11 67.28 4.03 69.12 1.41
2 273.70 256.98 6.11 268.11 2.04
3 287.92 273.47 5.02 283.29 1.61
4 334.73 334.41 0.10 333.44 0.38
5 395.43 386.35 2.30 391.66 0.95

Table 6: Mean measured, initial and updated natural frecjgsrof hats using thicknesses as
parameters

Using combination of thickness and material properties as parameters
In this exercise, the FE model of the hats is updated by ubiegambination of thicknesses

and material properties (i.e., Young’s modul&)( Initial parameters estimates and variances
of

Oxe=[1.45mm 145mm 210GPd, 0%g=[2x10*mn? 2x10 *mm? 4.5GP&|"

are used and the identified mean parameters and their vesiane

Oxe=[1.31mm 154mm 216 GPd, 03=[4x10°mn? 1x10*mm? 7 GP&]"

and the mean updated natural frequencies are very closesitontieasured counterparts, as
tabulated in Tablé.
The predicted outputs variances are shown as follows,

Of,e = (026 218 228 124 194"

057



0, (rad/sec)

310+

e measured data
3004 | * initial model outputs
o
290 ,
[ ]
280
2704
2604
60

65 70

75 25
0, (rad/sec) 80 240

260

0, (rad/sec)

290
270 280

w, (rad/sec)

310

e measured data
3004 * updated model output

[42)

290

280

270

260L

60 : 290
65 0 270280

260
75 250
w, (rad/sec) 80 240", (rad/sec)

(a) Initial scatter plot of hats using four thickness pdtg- Updated scatter plot of hats using four thickness pa-

meters

rameters

Figure 6. Initial and updated scatter plots of hats using foickness parameters

Experiment Initial FE Error Updated FE Error

Mode (Hz) (Hz) (%) (Hz) (%)
1 70.11 67.28 4.03 70.34 0.32
2 273.70 256.98 6.11 273.40 0.11
3 287.92 273.47 5.02 289.77 0.64
4 334.73 334.41 0.10 337.82 0.92
5 395.43 386.35 2.30 401.70 1.59

Table 7: Mean measured, initial and updated natural frecjaerof hats using thicknesses as
parameters

and the error of the predicted variances over the measurexheas is illustrated in Fig7(b).
The convergence of the initial and updated outputs are givéng. 8. It can be seen that by
selecting a combination of thickness and material progertiery good convergence is obtained.
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(a) Errors of the outputs variances after updatingb)fErrors of the outputs variances after updating of hats
plates

Figure 7. Errors of outputs variances after updating fohlsatts of structures
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Figure 8: Initial and updated scatter plots of hats usingralsoation of thickness and material
properties parameters

5. CONCLUSIONS

This paper has described parameter selections in the storinaodel updating that may be
applied in future studies to quantify variability in the dynics of structures. The study has
been conducted to two very different sets of structures, sieple plates and complicated
hat-shaped shells, and stochastic model updating has loeeluacted by using different sets
of parameters (i.e., the thickness and material propgrtigse findings indicate that selecting
some of the material properties as the updating parametev&dps better convergence than
those updated by using only the thickness parameters.

As some general guidelines, the selection of parameterddibe made by choosing the
most sensitive parameters to the response of the systesicdimbe easily achieved by carrying
out a simple sensitivity analysis. The selection of paramsethould also be chosen so that the
mean outputs are closer to the measured outputs, and ceneerfetween the scatter plots of
the predicted and measured outputs can be obtained. Thisecachieved by including both
geometrical and material properties in the updating proegdather than choosing a number
of the geometrical properties alone, as has been dematstrathis paper.
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